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1. INTRODUCTION

In this paper, we assume that all manifolds M are closed.

A closed orientable manifold is called achiral, if it admits an orientation reversing homeomor-
phism. We call two manifolds M7 and Ms commensurable, if they have a common finite cover. A
commensurable class of closed manifolds is called achiral if it contains an achiral element. Note
that a commensurable class containing a non-orientable element must be achiral. The achirality
is fundamental in topology for classification of oriented manifolds, specially in dimension 3, where
the concept achirality is originated.

Recall that Thurston’s eight geometries among 3-manifolds are [Th] [Sc],

—_——

S3, E3, H?xE! S?xE! Nil, PSL(2,R), H3 Sol

Here H",E", S™ indicate the m-dimensional hyperbolic, Euclidean, and spherical geometries, re-
spectively. It is known that 3-manifolds supporting one of the first six geometries form only one
commensurable class, and commensurable classes are achiral for the manifolds supporting first four
geometries, and non-achiral for manifolds supporting next two geometries. On the other hand 3-
manifolds supporting one of the last two geometries form infinitely many commensurable classes,
and the achirality of 3-manifolds supporting Sol and hyperbolic geometries, as well as their com-
mensurable classes are complicated.

We discuss achirality of orientable Sol 3-manifolds and their commensurable classes in this paper.

Each commensurable class M of Sol 3-manifold contains an orientable torus bundle M = My,
eigenvalues of whose monodromy map ¢ generates over QQ a real quadratic field. The discriminant
of the real quadratic field is the complete topological invariant of M, denoted by D, and called
the discriminant of M. One main result, Theorem 4.4, in the paper is that among all achiral
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commensurable classes of Sol 3-manifolds ordered by discriminants, the density of classes containing
non-orientable elements:

#{D < X | Mp contains an non-orientable element}

li =1-
X300 #{D < X | Mp is achiral} P
where
- N —1
po=][(1+27)" =041942--- .
j=1

For each orientable Sol torus bundle M = My, we introduce the discriminant Dys of M to be the
discriminant of the fixed points of its monodromy ¢. The integer D is a topological invariant of
M so that Q(v/Djy) is the real quadratic field of the commensurable class containing M. Another
result, Theorem 3.5, in this paper is that for any given D = 0,1 mod 4 non-square positive integer,
the following conditions are equivalent

e there exists an achiral Sol torus bundle M with discriminant D;
e 1o prime factor of D is = 3 mod 4 and 16 1 D.

As consequences, among Sol 3-manifolds, a commensurable class M is achiral if and only D a4 con-
tains no prime = 3 mod 4; each achiral commensurable class contains non-achiral manifolds; there
are infinitely many achiral commensurable classes, however their density among all commensurable
class is zero ordered by discriminants; and M contains an non-orientable element if and only if it
contains an achiral torus semi-bundle; Corollaries 3.6, 3.7, 4.2.

In his study on cusp cross-sections of Hilbert modular varieties, Hirzebruch made a conjecture
relates the signature defects of an orientable Sol torus bundle to the special value of its corresponding
Shimizu’s L-function. In this paper, we also show that, Theorem 5.1, for an oriented Sol torus
bundle M, the following are equivalent:

1) M is achiral,
2) the Shimizu’s L-series of M is identically zero.

If monodormies of two oriented Sol torus bundles are negative to each other, they are not
homeomorphic but their Shimuz L-series are the same. We have that non-achiral oriented Sol tours
bundles of 3 dimensional are determined by their Shimizu L-functions up to such a relation.

Theorem 4.4 follows from the positive answer of Stevenhagen Conjecture, Theorem 3.5, and
Corollary 4.1 which claims that a commensurable class contains a non-orientable element if and
only if the corresponding negative Pell equation has a solution. Both the proofs of Theorem 3.5
and 5.1 are based on Theorem 3.4 which claims that a Sol 3-manifold My is achiral if and only
if [-Q4] = £[Qy] in class group C(Dyy) for its corresponding quadratic form Q4. The proof of
Theorem 3.5 also highly relies on Gauss’ genus theory.

Remark 1.1. Call a closed 3-manifold M virtually achiral if it has an achiral finite cover. A
commensurable class M is achiral is equivalent to that each manifold in M is virtually achiral
(Lemma 2.9). We can translate Corollaries 3.6, 3.7 as: A Sol 3-manifold is virtually achiral if and
only the discriminant of its commensurable class contains no prime = 3 mod 4, and to have a
achiral finite cover are rare among Sol 3-manifolds. The study of various virtual properties, say
virtually Haken, virtually positive volume, virtual dominations, are important and active topics,
see a survey [LS].

2. COMMENSURABLE CLASSES OF SOL 3-MANIFOLDS AND THEIR DISCRIMINANTS

Classification of Sol 3-manifolds. Recall the Sol geometry is the Lie group R?xR! with structure

z
given by the representation R! — GLy(R), z <e ez ) together the invariant Riemann metric
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e?*dx? + e~ 22dy® + dz%. A connected closed manifold is called Sol 3-manifold if it is modelled on
Sol, i.e. is of form Sol/T" for some discrete subgroup I' of Isom(Sol). There are two types Sol
3-manifolds:

o let T' = R/27Z x R/27Z be a torus, I = [0,1], and ¢ € GL2(Z) Anosov matrix, i.e. its
eigenvalues are real but not {£+1}. Define

My =T xI/((x,y)¢,0)~ (2,y,1).
Thus My is a tours bundle over a circle.
o let
N=TxI1/(z,y,z)~(x+m—y,1—2)

d
SLo(Z) with abed # 0, define the semi-torus bundle by gluing two N’s along their boundary
T x {1} via 9.

a twisted I-bundle of the Klein bottle K =T/(z,y) ~ (z+m, —y). For each ¢ = (Z b) €

Ny =NUN /(z,y,1) ~ ((z,9)¥, 1),
The following classification result of Sol 3-manifolds is basically known except the non-orientable
case needs some explanations.
Proposition 2.1. Any Sol 3-manifold is homeomorphic to one of the following

(1) Torus bundles My: two Mg and My are homeomorphic if and only if ¢' is GLa(Z)-conjugate
to 1. Moreover, M, is orientable if and only if ¢ € SLa(Z).
(2) Torus semi-bundles Ny: two Ny, and Ny are homeomorphic if and only if

, _(E£1 0 41 (X1 0
V= ( 0 :I:l) ¥ 0 +£1/°
Moreover, Ny is always orientable.

Proof. Orientable Sol 3-manifolds are classified by ([[{a], Theorems 2.6 and 2.8, see also [ ]
Theorems 2.3 and 2.4). Now let M be a non-orientable Sol 3-manifold. Then the orientable double
cover of M must be either a torus bundle or torus semi-bundle. In the first case, M must also be

a torus bundle by the classification of free involutions on torus bundles (see [Sak]). In fact, it is
exactly the Case (II) in [Sak] p 168. In the second case, M is given by a free involution on torus
semi-bundle which must be orientable by [Theorem 2] in | ]. O

Fix orientations on 7" and I, each orientable torus bundle My, ¢ € SLa(Z), inherits an orientation,
and also denote by My the oriented torus bundle.

Lemma 2.2. For each oriented My, My-1 = —My. where —M is the M with opposite orientation.

Proof. By definition we have
T x [0,1]
(x,1) ~ (¢~ (2),0)
Note identify the top to the bottom via ¢! is the same as identify the bottom to top via @,

and later is homeomorphic to My via an orientation reversing homeomorphism which is obtained
by changing the orientation of [0, 1]. We proved the lemma. O

M¢—1 =

Lemma 2.3. Two oriented tours bundles My and My are homeomorphic if and only if ¢ is
SLs(Z)-conjugate to ¢ or wo~tw, where w = (1 1>'
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Proof. By Proposition 2.1 (1), M is homeomorphic to My if and only if ¢' = A¢TAL, A € GLo(Z).
If A ¢ SLy(Z), we write A = Bw with B € SLy(Z). So My is homeomorphic to My, if and only if ¢’
is SLo(Z) conjugate to ¢*' or wpT w. The conclusion follows by Lemma 2.2 and that detw = —1,
that is w is orientation reversing on 7. O

Commensurable classes of Sol 3-manifolds. We call two manifolds M; and M> commensu-
rable, if they have a common finite cover. It is easy to see that commensurable relation is an
equivalent relation. We will use M to denote the commensurable class of M.

Suppose K = Q(\/&) is a real quadratic field, where d > 0 is square free. Define the fundamental
discriminant Dy of K by Dg = d if d = 1mod4 and Dg = 4d otherwise [\, p.92].

Each commensurable class M of Sol 3-manifold contains an orientable torus bundle, eigenvalues
of whose monodromy map generates over QQ a real quadratic field K. The fundamental discriminant
Dy, denoted by Da, and called the discriminant of M.

Proposition 2.4. There is a one-to-one bijection between

o commensurable classes M of Sol 3-manifolds;
e real quadratic fields Q(v/Daq) (or equivalently, fundamental positive discriminants Dy ),

For each torus bundle My : T' — My — S L we have a short fiber exact sequence

1—>7T1(T)—>7F1(M¢>—>7T1<Sl>—>1. (2.1)
For each covering map p : T'— T', we can homotopy p to be non-degenerated linear map, that is
p € M3(Z) and p is of rank 2. For each fiber preserving covering map f : My, — M, between torus
bundles, there is an induced commutative diagram between of these exact sequences.

i

1oy (T) e m(My) o my(8Y) —=1  (2.2)

r e

1 7 (T) —> 71 (My) —— 1 (S') — 1

Call the covering f is vertical, if the left side vertical map f|, is an isomorphism, that is to say
the covering is from the circle direction; and the covering is horizontal, if the right side vertical
map f, is an isomorphism, that is to say the covering is from the torus direction.

Call a closed orientable 3-manifold M Haken, if each embedded 2-sphere in M bounds a 3-ball
in M, and there exists a closed orientable embedded surface of genus > 1 in M which induce an
injection 1. Each Sol 3-manifold is Haken.

Lemma 2.5. Suppose My and My, are orientable torus bundle supporting Sol geometry. Then
(1) Each Sol My has unique torus bundle structure up to isotopy.
(2) Any covering f : My — My is fiber preserving up to isotopy.

Proof. (1) Suppose T" is a torus fiber of a fiberation of Myg. According to (2.1), T'— My induces
an injection on 71, hence 7" is incompressible. Since [tr(¢)| > 2, ¢ is not conjugate to (i 1), by

[Ha, Lemma 5.2], T" is isotopy to T, the torus fiber of the fiberation determined by ¢.

(2) If we fiber My, with lifted torus fiberation of My, then the covering is fiber preserving. Since
My, also supports Sol geometry, by (1) its original torus fiberation is isotopic to the lifted torus
fiberation, and (2) follows. O

Lemma 2.6. For each fiber preserving covering map f : My — Mgy between torus bundles, f =

fv o fn, where fy is a horizontal covering and f, is a vertical covering. Moreover
4



(1) there is a horizontal covering f : My — My if and only if 1 is GL2(Q)-conjugate to o,
or equivalently, tr¢ = try
(2) there is a vertical covering f : My — My of degree n if and only if ¢ is GLa(Z)-conjugate
to ™.
It follows that any fiber preserving covering f : My — My has that ¢ is GLa(Q)-conjugate to ¢™
for some integer n #£ 0.

Proof. Let G = (¢*)"' fu(m1(S1)), G. By (2.2), G is subgroup of m1(My) and fi(m(My)) is a
subgroup of G. Since f : My, — My is a finite covering, we have that G is a finite index subgroup
of m(My). By covering space theory, there is a 3-manifold M with 71(M) = G and the finite
covering f is docomposed into the finite covering f;, : My — M and f, : M — My. If we lift the
torus bundle structure of My to M, then both f; and f, become a fiber preserving covering. One
can verify that f, is horizontal and f, is vertical.

We now show (1). Let T" be a fiber torus of M. Since the fiber preserving covering f is horizontal,
T = f~X(T) is a fiber torus of M,y. Cutting My along T' and My, along T, we get an induced a
fiber preserving covering map

f:Tx[0,1] — T x [0,1],

where f(z,t) = (p(x), et), where p : T — T is a covering map, and € = 1 which depends on the
map preserving or reversing the orientation of [0, 1]. Then from the constructions of M, and M,
we have the following commutative diagram

Tx {1} 2T x {1} .
b
T x {0} —2= T x {0}
That is to say for any (x,1) € T x {1}, we have ¢¢ o p(z,1) = p o ¢(z,1), where we define
p(z,1) = (p(x),1). That is (¢ o p(x),0) = (p o ¥(x),0). So we have ¢ op = po, or
Aot =¢0 A,  (2.3)

where A is the rank 2 element in M»(Z) induced by p. Another direction is a direct construction.
It is clear that ) = A~'o¢*! o A implies that tr(¢) = tr(¢). On the other hand, if tr(¢) = tr(v),
then ¢ and ¢ are conjugate in GLy(R) and thus in GL2(Q) and in GL2(Z) (the equation p¢ = ¢p

in p is linear). In fact, let ¢ = <(CL Z) and ) = (a —; Y d 1i) u)’ then cv # 0 and one may take
(1 wu/c
pP= <0 U/C)'

We now show (2). First My~ has a vertical covering structure of My of degree n. On the other
hand, H(My,Z) =7 & 11{1(& and a vertical covering My, — My of degree n corresponds to the

m(¢.—Id)
index n subgroup of Hi(My,Z) given by the Z-component. By Lemma 2.5 (1), the uniqueness of
fiberation, 1 is conjugate to ¢=". O
Now we recall some facts about real quadratic field K = Q(v/d) [XW, Chapters 3 and 4]which

will be used in the proof of Proposition 2.4 and thereafter. For each z = a + bv/d € F, define its
norm N(z) = a? — b%d. Call z absolutely positive if both 2 and N(z) are positive.
Let Ok be the ring consists of all algebraic integers of K, or equivalently, the x € K whose
minimal polynomial hase form z? + bz + ¢ for b, c € Z.
Call a subring © C O of rank 2 an order of K. It is known that O = Z @ ¢?Og for ¢ € Z.
Define the discriminant of O to be ¢?Dp. Note O itself is the maximum order of K. Let O be
5



group of all units of @. Then Dirichlet Unit Theorem implies O* = Z & Zs, and call a positive
generator of Z a fundamental unit of O.

Proof of Proposition 2.4. Suppose Mgy, , My, are commensurable. Then there are two coverings
My — Mgy, , My, between Sol torus bundles. By Lemma 2.5, we may assume that they are fiber
preserving coverings. By Lemma 2.6, we have

¢ = Aipl AL i=1,2.
Here A; € GL2(Q) and n; # 0 integers. It follows that
52 = (Ay 1 A1) (A1 1 Ag),

Therefore, ¢1, ¢2 give rise to the same real quadratic fields.

On the other hand, suppose ¢1,¢s give rise to the same real quadratic field K, and let Ay, Ao
be their eigenvalues, respectively. As the roots of characteristic polynomial of element in SLy(Z),
both A1, A2 are units in Op. Let € be a fundamental unit of O . Since O} = Z @ Zo, we have

Al = £, Ny = £

for some integers nq,ny # 0. This implies )\2"2 = A2™ | and therefore tr(¢2"?) = tr(¢3™). By
Lemma 2.6 (1), there exists a covering M 22 — M 2ny Since M 2y covers My,, M 212 covers

both My, and My,. It follows that My, and My, are commensurable. O
Lemma 2.7. For a Haken manifold M, M is achiral if and only if —1 is a mapping degree of M.
Proof. Suppose f: M — M is a map of degree —1. Then f induces a surjection on f, : m (M) —

w1 (M) [Hel, page 175]. Since M is Haken, m; (M) is Hopfian, which first implies that f, is an
isomorphism [Hel, page 177], [He2], then implies that f is homotopic to a homeomorphism [Hel,
Chap. 13|, which must be orientation reversing. Another direction is obvious. O

Lemma 2.8. Fach torus semi-bundle Ny, has a unique torus bundle double cover My. The covering

. - o . _fa b _(2bc+1  2ab

is characteristic and has a realization as My — Ny, with ¢ = <c d> and ¢ = < ocd e+ 1).

Proof. It is known that each N is doubly covered by a torus bundle My ([Ha], Theorems 2.6 and

2.8, see also | ] Theorems 2.3 and 2.4). We just verify that My is unique and characteristic.
For each torus semi-bundle Ny, we have a short fiber exact sequence

1 = m(T) = 7 (Ny) = Zo x Zo — 1. (2.4)

The unique torus bundle double cover f : My — Ny is given by the unique index 2 subgroup
7 C Zg * Zo, which is also characteristic, indeed Zso * Zo has only three index 2 subgroups, two of
them isomorphic to Zsg * Zsa, one is isomorphic to Z. There is an induced commutative diagram
between of these exact sequences.

1oy (T) — m(My) -~ Z 1 (25)

lf* | iﬁ ih

1 11 (T) —> 711 (Ny) —> Zy # Ty — 1

where f|, is an isomorphism. Then we can identify m (1) C m(My) and m1(T") C m1(Ny). Note

any homeomorphism on 7 on Ny keeps T' = ON invariant up to isotopy and m1(7") is a normal

subgroup of 71 (Ny). It follows that (1) C m1(NNy) is characteristic. Then for any automorphism

n on m1(Ny), n induces an automorphism 7j on Zg x Zo. Since 7(Z) = Z, we have ¢~ '(7j(Z)) =
6



¢ (Z). Since ¢~'(7)(Z)) = n(g~'(Z)), we have n(¢~"(Z)) = ¢~ '(Z). That is m1(My) = ¢~ (Z) is
characteristic. O

Lemma 2.9. M is achiral if and only if each element in M is virtually achiral.

Proof. Suppose M is achiral, we may assume that M is achiral, that is there is an orientation
reversing homeomorphism 7 on M. For any M’ € M, let M be a common finite cover of M
and M’. Suppose the covering degree M — M is d, then the index [ (M) : m (M)] = d. Since
G = m (M) is finitely generated, by group theory G has only finitely many subgroup of indes d.

Let
H= (] G
{Gi,|G:G;]=d}

Then H is a finite index charecteristic subgroup of G. Let My — M be the covering corresponding
to H. Since 7.(H) = H, 7 lifts to a map 7y on My, which must be an orientation reversing
homeomorphism, that is My is achiral. Clearly My covers M, so covers M. That is My is
virtually achiral. We prove one direction.

Another direction is from the definition. ([l

3. ACHIRALITY, GAUSS’ THEORY OF CLASS GROUPS AND GENUS

Recall a connected closed oriented manifold is called achiral if it admits an orientation reversing
homeomorphism.

Lemma 3.1. Let M = My be an oriented Sol torus bundle. Then My is achiral if and only if there
exists A € GLa(Z) such that one of the following holds.

(i) pA = Agp, det A = —1.

(i) pA = A¢p~!, det A =1.

Proof. Let f be a self homeomorphism on M. By Lemma 2.5, we assume that f is fiber preserving,
so f is a fiber preserving horizontal covering, and (2.3) in the proof of Lemma 2.6 become

Ao =¢ 0 A,
where A € GL(Z) since the restriction of f on thr fiber T" is a homeomorphism.
It is clear that ¢ - det A = —1 if and only if f is orientation reversing. O
We now recall Gauss’ of class group theory | |, [I'l, Chapter 5], [EW, Chapters 3, 4].

Recall SLy(Z) acts on the complex plane by

az+b a b

¢Z = m, V(ls = <C d> S SLQ(Z), A C,
which induces an action of SLy(Z) on R. There are two conjugate real quadratic numbers z4, Zg
fixed by ¢ when [tr¢| > 2.

Let M = My, ¢ = (‘C‘ Z

) € SLa(Z), |tr¢| > 2. We define the discriminant of ¢ and of M to be
(d+a)® —4

Dy = D¢ = 5 > 0, (3.1)

U
It is easy to see that D = Dy = 0,1 mod 4 is a non-square positive integer. Let D = 0,1 mod 4

be a non-square integer. Define primitiive binary quadratic form @4 with discrimiment D given by
cx? + (d — a)zy — by?
ged(e,d — a,b)
7

Qo(x,y) := signtr(¢) = az® + Bry +vy°,  (3.2)



where a = 2,3 = d=a = =b 4y = signtr(¢) ged(b, ¢, (d — a)). Note ax? 4+ Sz + v is a minimal

u u
polynomial of the fixed point of ¢, which is unique up to a sign, and

D¢:B2—4a'y>0

is determined by the fixed point of ¢. Since ¢ and ¢™,n # 0 has the same fixed points, we have
Dyn is invariant for all n # 0.

Lemma 3.2. For each ¢ € SLa(Z), Q—y = Qp, Qp-1 = —Q4, Qugw((z,y)w) = —Qp(x,y).

Proof. Suppose ¢ = <CCL 2)7 then —¢ = <_Z _Z>v ¢t = (dc _ab>, and wow = <Z 2)

Then the lemma follows from a direct calculation. OJ
For each A € GLy(Z) one can verify that

QAd)A*l (IB,y) = Q¢>(($7y)(‘4t>_l) <33)
Call two primitive binary quadratic forms @1 and Q9 with discriminant D are SLy(Z)-equivalent,
if there exists A € SLy(Z), such that

Qi((z,y)) = Q2((x, y)A).

Those SLo(Z)-equivalent classes of primitive binary quadratic forms of discriminant D is the
class group C(D). For a quadratic form @, denote by [Q)] its class in C(D). Let Qo p denote the
principal form of discriminant D, i.e.

D 1-D
x2—zy2,(if4|D); :U2+;vy—|—Ty2(if4)(D).
Then [Qo p] is the zero element in C(D). For any form Q = («,,7) := az?® + Bzy + vy?, let
—Q = (—a,—f8,—7), for [Q] € C(D), let —[Q] denote its negative in C(D).

Lemma 3.3. For forms of discirminant D,
(i) [@Q1]) = —[Q2] if and only if Q1(x,y) = Q2((x,y)B), where B € GLa(Z) and det B = —1;
(it) [-Q] = =[Q] + [-Qo,p];

(iti) [-Q] = £[Q] is equivalent to either [Qo,p] = [~Qo,p] or 2[Q] = [-Qo,p];
(v) [Q] = [—Qo,p] is equivalent to Q represents —1;
(v) [=Qo.p] = [Qo.p] is equivalent to x*> — Dy* = —4 has integral solution.

Theorem 3.4. Let M = M, be an oriented Sol torus bundle with D = Dy defined in (3.1) and
Qg defined in (3.2). The following are equivalent.

(1) the Sol 3-manifold M is achiral.
(2) either [Qo,p] = [=Qo,p] or 2[Qs] = [-Qo,p] (or quivalently [-Qq] = +[Qg])-

Proof. Assume that (1) My is achiral. With notations in Lemma 3.1, let

1= (=)

The conditions (i) and (ii) imply that

x by
(d—aSytes | » detA=—1, for (i)
A= v
- x (d—a)z—by
¢ , detA=1 for (ii).
Yy —T

It is easy to see that the condition (i) is equivalent to that Qo p represents —1, therefore equivalent

to [Qo,p] = [-Qo,p] by Lemma 3.3 (iv).
8



The condition (ii) is equivalent to that the following equation has integral solution
22 +yz = —1, az = Bz + vy, (3.4)
where a = £, 3 = %, v = _Tb, u = signtr(¢) ged (b, ¢, (d — a)). It follows that

y v B/2\(y x\_[(-a B/2 (3.5)
x —z)\B/2 « T —z g/2 —v )’ ‘
Recall the one-one correspondence of the form az? + Sxy +vyy? and its matrix < ,6?2 b ”/y 2> . Let

Q1 =v2° + By + ay?, Q2 = —az® + Bry — vy
By (3.5) we have
Q2($7 @/) = Ql(('rv y)B)a

where B = (g _”;). By (3.4), B € SLy(Z), so [Q1] = [Q2].
Note Qy(x,y) = az? + Bzy + vy, and we also have

Ql(xay) = Q¢((£L’,y)B1), QQ(«T,y) = _Q¢((x7y)32)7

where By = > and By = _01 . Since the determinants of both B; and By is —1, we have

Q1] = —[Qy] and Q2] Q¢] by Lemma 3.3 (i). Those two equalities together with [Q1] = [Q2]
implies that [Q4] = [-Q ] By Lemma 3.3 (ii), we have [Qq] = —[Q¢] + [-Qo,p], or equivalently
2[Qy] = [-Qo,p]- O

We now recall Gauss’ genus theory (see | |, [F1] and [BS]). Let D = 0,1 mod 4 be a
non-square integer, the Kronecher symbol xp : (Z/DZ)* — {+£1} is a homomorphism such that

Xxp(p mod D) = (%) for all primes p 1 2D, where (%), the Legendre symbol, is 1 if and only if D

is quadratic residue modulo p. Let Hp C Keryxp be the subgroup consisting of values represented
by the principal form of discriminant D. Then there is an exact sequence

0 — 2C(D) — C(D) - Kerxp/Hp — 0, (3.6)

where w sends a class to the coset of Hp in Keryp it represents.
The group Hp consists of elements [a] € (Z/DZ)* such that

<Z> =1 for all odd prime divisors p of D (3.7)
and such that
1,7 mod 8, if D = 8 mod 32,
] 1 mod 4, if D =12,16,28 mod 32, (3.8)
“= 91,3 mod 8, if D = 24 mod 32,
1 mod 8, if 32|D.

Theorem 3.5. Let D = 0,1 mod 4 be a positive non-square integer. Then the following are
equivalent:

(1) there exists an achiral oriented Sol torus bundle M of discriminant D,
(2) 161 D and no prime factor of D is = 3 mod 4.
9



Proof. We first verity that (1) is equivalent to the following

(3) there exists a [Q] € C(D) such that 2[Q] = [-Qo,p] (or equivalently 2[Q] represents —1).

The equivalence of (1) and (3) follows from Theorem 3.4: If there exists a [Q] € C(D) such that
2[Q] = [-Qo,p], then the Sol 3-manifold M, with Q4 = @ is achiral by Theorem 3.4. On the other
hand if M, with Dg = D is achiral, then either [Qo p] = [-Qo,p] or 2[Q4] = [-Qo,p] by Theorem
f4 No]te if [QO,D] = [_QO,D]7 choose ¢0 such that Q¢0 = QO,D- Then 2[Q¢O} = Q[QO,D} = [QO,D] =
—Qo,p|-

Below we will prove that (2) and (3) are equivalent in two steps by using Gauss’ genus theory.

Step 1: To verify that (3) 2[Q] = [-Qo,p] (2[Q)] represents —1) is equivalent to [—1] € Hp by
using the short exact sequence (3.6):

Suppose —1 is represented by 2[Q]. Since 2[Q] € 2C(D), we have w(2[Q]) = 1 € Kerxp/Hp,
which implies [-1] € Hp.

Suppose [—1] € Hp. We only need to prove w([—Qo p]) == 1 € Kerxp/Hp, therefore [-Qo p| =
2[Q] for some [Q] € C(D). If not, we have w([—Qo,p]) = gHp € Kerxp/Hp, where g ¢ Hp. Since
[—1] € Hp, [—1] ¢ gHp, which implies —Qo p does not represent any a = —1 mod D, contradicting
that —Qo,p represents —1.

Step 2: To verify [—1] € H and (2) are equivalent by using (3.7) and (3.8).

For any odd prime p|D, by Euler’s Theorem, (%) =1 if and only if p is not = 3 mod 4.

Suppose [—1] € Hp. By Euler’s Theorem and (3.6) (a charaterization of Hp), we have that no
prime factor of D is = 3 mod 4. Since —1 is not = 1 mod 8, by the fourth line of (3.7) (another
charaterization of Hp), we have D is not a multiple of 32. Since —1 is not = 1 mod 4, by the
second line of (3.7), we have D is not congruent to 16 mod 32. Hence D is not a multiple of 16.

Now suppose 16 1 D and no prime factor of D is = 3 mod 4. Then no prime factor of D is

= 3 mod 4 implies that for any odd prime p|D, (%) =1 [F], Page 71]. Moreover suppose
k
D =2"T](4n; + )%
i=1

is the prime decomposition of D. Then D = 2%(4n + 1) for some n € Z. Since 16 1 D, we have
a<3. Wehave 4t D if « <1, and D =4 mod 16 if « = 2, and D = 8 mod 32 if a = 3. Overall
we have that D is not 0,16,12,24,28, mod 32. Then by —1 appears in (3.7) for other D. And by
the charaterization of Hp, [—1] € Hp. O

Corollary 3.6. A commensurable class M of Sol 8-manifolds is achiral if and only Daq contains
no prime = 3 mod 4.

Proof. Suppose M is achiral, then there is achiral Sol 3-manifold M’ € M. Then D) contains no
prime = 3 mod 4 by Theorem 3.5. Since Dyys = 2D (¢ € Z), Dy contains no prime = 3 mod 4.

On the other hand, from (2.1), the definition of D, we know that 16 { Daq. If D contains no
prime = 3 mod 4, then there is an achiral Sol 3-manifold M’ € M with D;» = Dy by Theorem
3.5. So M is achiral. O

Corollary 3.7. Among Sol 3-manifolds:

(1) Each commensurable class contains non-achiral manifolds.

(2) There are infinitely many achiral commensurable classes, however their density among all
commensurable class is zero ordered by discriminants.

Proof. (1) For each commensurable class M of Sol 3-manifolds and each integer ¢, there isa M’ € M
such that Dyp = ¢?Dpq. If we choose c to be either 3 or 4, then M’ is non-achiral by Theorem 3.5.
(2) Let D be prime in the form of 4k + 1. The D = D for some commensurable class M by
Proposition 2.4, and M is achiral by Corollary 3.6. It is a well known fact that there are infinitely
many primes in this form of 4k 4+ 1 [\, Theorem 10.5].
10



Now we prove the "however” part. Note that a integer n > 0 is the sum of two integral squares
if and only if the square-free part of n contains no prime = 3 mod 4 [I], Chap. 2]. So we have

{D | D g contains no prime = 3 mod 4} = {Dq|Dpqg = a® + b%}.

Furthermore
2 2
lim #{0< D < X|D = a* + b°} o,
X—00 X
lim #{Dm < X} ~ fim #{D < X|D = 0,1 mod 4, D fundament } 00
X—00 X X =00 X
(indeed C' = 3/72? ), so we have
lim {D | D g contains no prime = 3 mod 4}
X 00 #{Dp < X} B
and the "however” part follows from Corollary 3.6. O

4. A DENSITY RESULT

Proposition 4.1. Let D = 0,1 mod 4 be a positive non-sqaure integer. Then the following are
equivalent:

(1) The negative Pell equation x*> — Dy? = —4 has solutions;
(2) There is a non-oriented Sol 3-manifold with characteristic double cover of discriminant D;
(3) There is an achiral semi-tours bundle with characteristic double cover of discriminant

lem(D,4).
Proof. Assume (1), or equivalently, by Lemma 3.3 (iv) and (v), the solvability of
D

u? — ZUQ =—-1 (4D), W -Dv*=-1 (4tD). (4.1)

Here for the later one, note that if 22 — Dy? = —4 has solution then has solution with  even. Let
D D—1
_ u ZU u—v TU
o= (4 8) wpn ("0 AY) aion. e

Then the determinent of ¢ is —1 by (4.1), so the torus bundle My, is non-orientable. It is the direct
calculation that Dy = D. Then M = M, is the unique orientable double cover of M. Since
? and v have the same fixed points as actions on R U oo, we have Di = Dy by definition. So
Dy =D.

On the other hand, assume (2), i.e. the double cover M. of My, dett = —1, has discriminant
D, then by the equality

$? = (wi) wptw(wy),  (4.3)
where w = (? é) with det w = —1. Since detwi) = 1, by (4.3) we have

[Qy2] = [Quy2w]-  (44)
By Lemma 3.2, we have
—Qu2(7,Y) = Quy2y (Y, T)
which implies that
[—Qy2] = —[Quy2w]  (4.5)
Combing (4.4), (4.5) and [-Q] = —[Q] + [-Qo,p] for and [Q] € C(D) (Lemma 3.3) (iii)), we

have [-Qo,p] = 0, that is [-Qo p] = [Qo,p], which is equivalent to the negative Pell equation
11



2?2 — Dy? = —4 has integral solution (Lemma 3.3) (ii)). This shows the equivalence between (1)
and (2).
Note that the double cover My of Ny, is given as follows:

_(2be+1 20d 0 b
¢_< 2ac 2bc+1>7 lfd) < d>, ade;éO

It is clear that My has discriminant Dy = 4 Note that

gcd(ac bd)

e 2[Qg4] € C(Dy) is the zero class by Proposition 3.5, and thus My is achiral if and only if
the negative equation z? — D¢y2 = —4 has solution.

e Ny is achiral if and only —1 is a self-mapping degree of Ny, by Lemma 2.7, and if and only
ifa+d=0Dby| , Theorem 1.7].

o if a+d =0, then Dy = — d(g o7 and therefore —4 = da” + dbe = 4a® — Dy ged(b, ).

e if if Ny is achiral, then My is achiral, since the cover My — Ny, is characteristic by the
”"Moreover” part of Proposition 2.1

It follows that if Ny is achiral with Dy = lem(D, 4), then z* — Dy* = —4 has solutions.

On the other hand, if the negative Pell equation 22 — Dy? = —4 has solution, then there is always
solution with z even, say (2a,b). Take

N "), if 4| D,
= —-Db/4 —a
N b/2 , if D =1 mod 4.
—-Db/2 —a

Then My is achiral of discriminant D or 4D. This shows the equivalence between (1) and (3). O

Corollary 4.2. Let M be a commensurable class of Sol 3 manifolds of discriminant D. Then the
following conditions are equivalent.

(1) the negative Pell equation x*> — Dy? = —4 has solutions;
(2) M contains a non-orientable Sol 3-manifolds;
(3) M contains an achiral tour semi-bundle.

The equation 2 — Dy? = —4 is called the negative Pell equation. The solvability of negative
Pell equation has a long history and P Stevenhagen [Stc] made the following conjecture.

Conjecture 4.3 (Stevenhagen). The density of fundamental positive discriminants D, for which
— Dy? = —4 have solutions, among all fundamental positive discriminants D without prime
factors = 3 mod 4 is 1 — p with

H (1+4277) ' 041942 .. .

This conjecture is recently proved by P. Koymans and C. Pagano [[KXP]. It is a big surprising
that the Stevenhagen’s conjecture has its avatar in topology, which we will state now, and which
follows from Corollary 3.6, Corllary 4.2 and [IXP].

Theorem 4.4. Among all achiral commensurable classes of Sol 3-manifolds ordered by discrimi-
nants, the density of classes containing non-orientable elements:

. #{D < X | Mp contains an non-orientable element}

im —1—

X500 #{D < X | Mp is achiral} P
12



where
oo

p=[[(1+27)" =041942 - .
j=1
Proposition 4.5. There exists M € Solp double cover a tours semi-bundle if and only if 4]D.

Moreover, My € Solp is the double cover of a tours semi-bundle if and only if 2|Qs] = 0 and
® ¢
= I mod 27Z, in this case, there is a unique tours semi-bundle double covered by M.
@

Proof. By [Ma], My € Solp is the double of a tours semi-bundle if and only if there exists A €
GL2(Z) such that
Ap = ¢~ LA, det A = —1, A=¢=1mod 2Z.

Let A = <z g}) and assume that Qg = ax? 4+ Bxy + yy?. Then the condition A¢ = ¢~'A and
det A = —1 is equivalent to

A:<JZC —y:):)’ P +yz=1, az=Pz+y.

(=2 G 0 )= )

It follows that the condition that there exists A € GLy(Z) such that A¢p = ¢~ 1A and det A = —1
if and only if 2[Q4] = 0.
Note that ¢ = I mod 2 implies 4|D. Assume that 4|D take My € Solp such that 2[Q4] = 0, we

have that ¢ is SLa(Z)-conjugate to ¢g = <a 2) It is easy to see that Ag := (1 _01> = I mod 2

One can check that

c 0
satisfies Aoy = qbalAg, det Ag = —1, and that qb% = I mod 2. Thus My € Solp is the double
cover of a tours semi-bundle.

Let A, A’ be two such matrices, then A’ = AC with C € SLy(Z),= I mod 2 and C¢ = ¢C. One
can easily check that A’ is equivalent to A in the sense of [Ma]. Thus if My is the double cover of
at most one tours semi-bundle. O

5. SHIMIZU L-FUNCTIONS

In the 1970s, Hirzebruch [I1r] formulated a conjecture on the signature of the Hilbert modular
varieties whose cusp cross-sections are solvmanifolds, which relates the signature defects of these
Sol manifolds to special values of Shimizu’s L-functions of totally real fields. We now recall the
definition of Shimizu L-functions for Hilbert modular surfaces. In this case, these solvmanifolds
are oriented tours bundle Mg.

Given ¢ = <CCL 2 € SLy(Z) with discrimimant Dy = D and quadratic form Qg:
the Shimizu L-function is defined as
L(M,s) = Z sign Qo(2,9) Re(s) > 1

only depends on its oriented equivalence class. In fact L(M, s) has an entire continuation to C (See
Proposition 5.6).

Theorem 5.1. Let M = My be an oriented Sol torus bundle.
(1) M is achiral if and only if the Shimizu L-function L(M,s) = 0.
(2) If L(My,,s) = L(Mg,,s) for two non-achiral oriented bundles My, , My, with same discrim-
inant, then My, is homeomorphic to either Mgy, or M_g4, as oriented torus bundle.
13



We list some facts for the proof of Theorem 5.1.

Proposition 5.2. | | Each [Q] € C(D) represents infinitely many primes.
Lemma 5.3. It both Q1,Q2 € C(D) represent a prime p with (p,2D) =1, then [Q1] = £[Q2].
Proof. By [\, Exercise 3.30], each Q; is SLa(Z)-equivalent to a form Q)(x,y) = pr? +d;xy +e;y?,

d; < p. Note d; —4pe; = D. Clearly d; and ds has the same parity. Therefore |d1‘g‘d2|, |d1|;‘d2‘ €.

By p1 D, we have pt d; and therefore 0 < |d;| < p. Therefore 0 < M < p. Since
di —d5  |di| = |da| |da| + |da]
i - 2 y pla-e)
Therefore p| 1%l Tt follows |dy] = |da|,e1 = e2. So [Q)] = £[Qb] and [Q1] = [Q). 0

Lemma 5.4. Suppose ¢, € SLa(Z) with Dy = Dy = D. If [Qg] = £[Qy] and tr(¢) = tr(y).
Then ¢ is SLa(Z)-conjugate to either ¢ or wiyp™ w.
Proof. (i) First note that ¢ is determined by Q4 and tr(¢): Suppose Qy(z,y) = az?® + Bry + Yy?,

t+8s
one can solve that ¢ = signtr(¢) ( 2 t%§>’ where t = |tr(¢)| and s = t254.
as ==
2

(i) T [Qu] = [Qu), then Qu(z, ) = Qu((25)A); It [Qg] = —[Qy], then Qu(z, ) = Qu((zy) A'w):
both A, A’ € SLy(Z). Then one can verifies the Lemma by (i), (3.3) and Lemma 3.2. O

By Lemma 3.2 we have
Lemma 5.5. L(M_g4,s) = L(My,s), L(My-1,5) = —L(Mg,s) and L(Mg, s) = —L(Mygw, S)-

Proof of Theorem 5.1. Suppose M is achiral, then My = —My, and furthermore My, = My-1 by
Lemma 2.2. Then ¢! is SLo(Z) conjugate to either ¢ or w¢~!w by Lemma 2.3. That is either
L(My-1,s) = L(Mg,s) or L(My-1,8) = L(Mys-14,5) (5.1)
Combining (5.1) and Lemma 5.5, we have L(M, s) = 0.
On the other hand, let K, o = {(z,y) € Z ® Z|Q(z,y) = n}/¢ for each n € Z. K, 4 is finite.

In L(My,s), the term 1/n® occurs |K,, 4| times since each orbit in K, 4 contribute a single 1/n®.
Similarly the term —1/n® occurs |K_,, 4| times. So we have

oo
L (M<Z5a s) = Z
n=1
Hence L(My,s) = 0 if and only if [K_,, 4| = |K,, 4| for each n, which is equivalent to @ and —Q
represent the same set of integers. Then both @) and —@Q represent some prime p with (p,2D) =1
by Proposition 5.2, and then [—-Qg] = £[Q4] by Lemma 5.3. By Theorem 3.4, this is equivalent to
that M is achiral.
We have proved (1). Below we prove (2).
Suppose both tr(¢;), tr(¢2) > 0 (otherwise replace ¢ by —¢). Let 1)1 = ¢7* and ¢2 = ¢5? such
that tryy = trio, where n; a positive integer, ¢ = 1,2. Then from the definition, it is easy to see

L(Mwi,s) :niL(M¢i,s),i = 1,2. (53)
Following (5.2) and L(My,,s) = L(Mg,,s) we have

_’K_n)(ls + |Kna¢|
nf* '

(5.2)

na - _‘Kfn’+|Kn‘
L(My,,s) = EL(M¢275) => T (5.4)
n=1

By Proposition 5.2, Qy, represents a prime p with (p,2D) = 1. Then —p is not represented by
Qy, otherwise [Qy,| = £[—Qy,] by Lemma 5.3, and therefore My, is achiral by Theorem 3.4. So we
14



have K}, # 0 and K_, = 0. By (5.4) Qy, also represents p. Then [Qy,] = £[Qy,] again by Lemma
5.3. Since tryn = trig, 11 is SLo(Z)-conjugated to either 1y or wd;;lw by Lemma 5.4. Therefore
L(v1,s) = L(2, s) by Lemma 5.5. That is to say n; = ng, and therefore ¢; is SLs(Z)-conjugated
to either ¢o or we, Lw. Since Mgy, and M, o5 lw ATe homeomorphic as oriented torus bundles, in
either case, My, and My, are homeomorphic as oriented torus bundles.

When requiring tr(¢;) > 0, we replace ¢; by —¢;, so in general we have My, is homeomorphic
to either My, or M_g4, as oriented torus bundles. O

Proposition 5.6. For an oriented tours bundle M = My of discriminant D, L(M, s) has an entire
continuation to C and satisfies a functional equation:

A(M,s) :==Tg(s +1)2D*?L(M,s) = A(M,1 — s).

Proof. 1t follows (see | ) that L(M,s) ha s entire continuation and satisfies the functional
equation:

A(M,s) = =A(Myt,1 - s).
Since for any ¢ € SLy(Z), ¢* is SL2(Z) conjugate to ¢~ 1:

0 1),,(0 1
= (o) (o)

By Lemma 5.5, we have L(My:,s) = L(My-1,5) = —L(M,s). So A(M,s) = A(M,1 — s). O
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