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Beilinson-Bloch conjecture for automorphic motives

The talk is based on a joint work with Chao Li (Columbia).

X E/F : a CM extension of number fields;

X V(�)
F : the set of places of F above a place � of Q;

X VfinF : the set of nonarchimedean places of F ;

X VsplF : the subset of VfinF of places that are split in E ;

X VintF : the subset of VfinF of places that are inert in E ;

X VramF : the subset of VfinF of places that are ramified in E ;

X qv : the residue cardinality of Fv for v ∈ VfinF .

Take an even positive integer n = 2r .
We equip Wr := En with the skew-hermitian form (with respect to E/F ) given by the matrix( 1r
−1r

)
.

Put Gr := U(Wr ), the unitary group of Wr , which is a quasi-split reductive group over F .
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Beilinson-Bloch conjecture for automorphic motives

We recall the following Beilinson–Bloch conjecture in the context of automorphic motives for
unitary groups.

Conjecture (Beilinson–Bloch conjecture)
Let π be a tempered cuspidal representation of Gr (AF ). Consider a totally positive definite
incoherent hermitian space V over AE of rank n (with respect AE/AF ), which gives rise to a
system {XL} of Shimura varieties of dimension n − 1 over E indexed by open compact subgroups
L ⊆ H(A∞F ) where H := U(V ). For every irreducible admissible representation π̃∞ of H(A∞F )
satisfying
(a) π̃∞v ' πv for all but finitely many v ∈ VfinF for which π̃∞v is unramified;

(b) HomH(A∞
F )

(
π̃∞, lim−→L Hn−1

dR (XL/C)
)
6= {0} for some hence arbitrary embedding E ↪→ C,

the identity

dimC HomH(A∞
F )

(
π̃∞, lim−→

L
CHr (XL)0C

)
= ords= 1

2
L(s,Π(π̃∞))

holds. Here,
X CHm(XL)0 denotes the Chow group of geometrically cohomologically trivial cycles on XL of

codimension m for an integer m ≥ 0;
X Π(π̃∞) is the cuspidal factor of BC(π) determined by π̃∞ via Arthur’s multiplicity formula.
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The setup

Remark
The conjecture was only
X known in the case of modular/Shimura curves when the analytic rank is at most 1 by

Gross–Zagier, Kolyvagin, Yuan–Zhang–Zhang, and Nekovář; and
X partially known in the case of Shimura varieties for U(2)×U(3) when the analytic rank is

exactly 1 by Hang Xue (when π is endoscopic and the proof reduces to the curve case).

Now we state our results concerning the previous Beilinson–Bloch conjecture under certain
assumptions on ramifications.

Setup
Suppose that VramF = ∅ and that V(2)

F ⊆ VsplF . In particular, [F : Q] is even. Consider a cuspidal
automorphic representation π of Gr (AF ) satisfying

(1) for every v ∈ V(∞)
F , πv is the holomorphic discrete series of Harish-Chandra parameter

{ n−12 , n−32 , . . . , 3−n2 , 1−n2 };

(2) for every v ∈ VsplF , πv is a principal series;
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The setup

Definition
For v ∈ VintF , a tempered irreducible admissible representation πv of Gr (Fv ) is almost unramified
if πv has Iwahori fixed vectors, and whose Satake parameter consists of {qv , q−1v } and 2r − 2
complex numbers of norm one.
It is proved in my article
Theta correspondence for almost unramified representations of unitary groups
that, when qv is odd, πv is almost unramified if and only if its local theta lifting to the
non-quasi-split unitary group of the same rank 2r has nonzero invariants under the stabilizer of an
almost self-dual lattice.

Denote by
X L(s, π) the doubling L-function of π,

X Rπ ⊆ VsplF the (finite) subset for which πv is ramified,
X Sπ ⊆ VintF the (finite) subset for which πv is almost unramified.

Then we have ε(π) = (−1)|Sπ| for the global (doubling) root number, so that the vanishing order
of L(s, π) at the center s = 1

2 has the same parity as |Sπ |.
The cuspidal automorphic representation π determines a hermitian space Vπ over AE of rank n
via local theta dichotomy (so that the local theta lifting of πv to U(Vπ)(Fv ) is nontrivial for
every place v of F ), unique up to isomorphism, which is totally positive definite and satisfies that
for every v ∈ VfinF , the local Hasse invariant ε(Vπ ⊗AF Fv ) = 1 if and only if v 6∈ Sπ .
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Main results

From now on, we suppose that |Sπ | is odd hence ε(π) = −1, which is equivalent to that Vπ is
incoherent.
We take V = Vπ in the previous Beilinson–Bloch conjecture, hence H = U(Vπ).
Let R be a finite subset of VfinF . We fix a special maximal subgroup LR of H(A∞,RF ) that is the
stabilizer of a lattice ΛR in V ⊗AF A∞,RF such that ΛR

v is self-dual (resp. almost self-dual) for
v ∈ VfinF \ Sπ (resp. v ∈ Sπ).
For a field L, we denote by TR

L the (abstract) Hecke algebra L[LR\H(A∞,RF )/LR], which is a
commutative L-algebra.
When R contains Rπ , the cuspidal automorphic representation π gives rise to a character

χR
π : TR

Qac → Qac,

where Qac denotes the subfield of C of algebraic numbers.
We put mR

π := kerχR
π , which is a maximal ideal of TR

Qac .

Theorem (Unrefined version)
Let π be as in the Setup with |Sπ | odd. If L′( 1

2 , π) 6= 0, that is, ords= 1
2
L(s, π) = 1, then as long

as R satisfies Rπ ⊆ R and |R ∩ VsplF | ≥ 2, the nonvanishing

lim−→
LR

(
CHr (XLRLR )0Qac

)
mR

π
6= {0}

holds, where the colimit is taken over all open compact subgroups LR of H(FR).
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Main results

Remark
(1) It is known that L(s, π) coincides with the standard base change L-function L(s,BC(π)).
(2) According to the previous Beilinson–Bloch conjecture, the inequality ords= 1

2
L(s, π) > 0

implies the nonvanishing
lim−→
LR

CHr (XLRLR )0Qac [mR
π] 6= {0},

which further implies the nonvanishing in our statement. However, it is conjectured that
CHr (XLRLR )0Qac is finite dimensional, which implies that the two types of nonvanishing are
equivalent.

(3) In fact, by our proof, the field Qac in the statement of the theorem can be replaced by an
arbitrary subfield over which π∞ (hence χR

π) is defined.
(4) Strictly speaking, the previous theorem depends on the description of the Galois

representation of the π-isotypic component of Hn−1(XL ⊗E E ,Q`), which is still under
working by others.

We also have a refined version of the above theorem, in which we give an explicit height formula
for certain cycles in CHr (XL)0C. However, the refined version is conditional on a hypothesis on the
modularity of Kudla’s generating functions.
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Arithmetic theta lifting

X Hermr : the subscheme of ResE/F Matr of r -by-r hermitian matrices;
X Hermr (F )+: the subset of Hermr (F ) of elements that are totally semi-positive definite;
X T (x) := ((xi , xj )V )1≤i,j≤r ∈ Hermr (R): the moment matrix of an element

x = (x1, . . . , xr ) ∈ V r ⊗AF R where R is a commutative AF -algebra;
X S (V r

v ): the space of (complex valued) Bruhat–Schwartz functions on V r
v for a place v of F ;

X ωr,v : the Weil representation of Gr (Fv )× H(Fv ) realized on S (V r
v ) (with respect to the

standard additive character of Fv and the trivial splitting character);

X φ0v ∈ S (V r
v ): the Gaussian function for v ∈ V(∞)

F , defined as φ0v (x) = e−2π tr T (x).

Now we recall Kudla’s special cycles and generating functions. Take an open compact subgroup
L ⊆ H(A∞F ) and a test function φ∞ ∈ S (V r ⊗AF A∞F )L.
For every T ∈ Hermr (F )+, we have an element ZT (φ∞)L ∈ CHr (XL)C, which is the φ∞-weighted
(finite) linear combination of special cycles indexed by x ∈ V r ⊗AF A∞F with T (x) = T .
Then Kudla’s generating function, which is a function on g ∈ Gr (AF ), is defined as

Zφ∞ (g)L :=
∑

T∈Hermm(F )+

(ωr,∞(g∞)φ0∞)(T ) · ZT (ω∞r (g∞)φ∞)L

as a formal series valued in CHr (XL)C.
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Arithmetic theta lifting

Hypothesis (Modularity of generating functions)
For every L and φ∞ as above, and every complex linear map l : CHr (XL)C → C, the assignment

g 7→ l(Zφ∞ (g)L)

is absolutely convergent, and gives an element in A(Gr (F )\Gr (AF )). In other words, Zφ∞ (−)L is
an element in HomC(CHr (XL)∨C ,A(Gr (F )\Gr (AF ))).

Lemma
Assuming the Modularity Hypothesis, the function Zφ∞ (−)L actually belongs to the subspace
A(Gr (F )\Gr (AF ))⊗C CHr (XL)C, and is holomorphic of weight that is the lowest weight of π∞.

Definition
Assuming the Modularity Hypothesis, for every L and φ∞ as above and a holomorphic vector
ϕ ∈ π, we define the arithmetic theta lifting to be

Θφ∞ (ϕ)L :=

∫
Gr (F )\Gr (AF )

ϕ(g)Zφ∞ (g)Ldg

which is an element in CHr (XL)C.
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Main results, cont.

Take L and two pairs (φ∞1 , ϕ1) and (φ∞2 , ϕ2) as in the previous definition, we have a natural
height pairing

〈Θφ∞
1

(ϕ1)L,Θφ∞
2

(ϕ2)L〉XL,E

as a restricted form of Beilinson’s (hermitian) height pairing. To eliminate the dependence of L,
we put

〈Θφ∞
1

(ϕ1),Θφ∞
2

(ϕ2)〉\X ,E :=
2

vol(XL)
〈Θφ∞

1
(ϕ1)L,Θφ∞

2
(ϕ2)L〉XL,E

where vol(XL) denotes the total degree of the Hodge line bundle on XL.

Theorem (Refined version)
Let π be as in the Setup with |Sπ | odd. Assume the Modularity Hypothesis. For every test vectors
X ϕ1 = ⊗vϕ1v ∈ π and ϕ2 = ⊗vϕ2v ∈ π that are holomorphic such that 〈ϕ1v , ϕ2v 〉πv = 1 for

every v ∈ V(∞)
F ,

X φ∞1 = ⊗vφ∞1v ∈ S (V r ⊗AF A∞F ) and φ∞2 = ⊗vφ∞2v ∈ S (V r ⊗AF A∞F ),
the arithmetic inner product formula

〈Θφ∞
1

(ϕ1),Θφ∞
2

(ϕ2)〉\X ,E =
L′( 1

2 , π)

b2r (0)
· C [F :Q]

r ·
∏

v∈VfinF

Z\
πv ,Vv

(ϕ1v , ϕ2v , φ
∞
1v ⊗ φ∞2v )

holds.
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Main results, cont.

In the refined Theorem,
X b2r (s) :=

∏2r
i=1 L(2s + i , ηiE/F ), where ηE/F : F×\A×F → C× is the quadratic character

associated to E/F ;

X Cr := (−1)r2r(r−1)πr
2 Γ(1)···Γ(r)

Γ(r+1)···Γ(2r)
;

X Z\
πv ,Vv

(ϕ1v , ϕ2v , φ∞1v ⊗ φ
∞
2v ) is the normalized local doubling zeta integral, which equals 1 for

all but finitely many v .

Remark
The arithmetic inner product formula is perfectly parallel to the classical Rallis inner product
formula. In fact, suppose that V is totally positive definite but coherent. We have the classical
theta lifting θφ∞ (ϕ) where we use Gaussian functions at archimedean places. Then the Rallis
inner product formula in this case reads as

〈θφ∞
1

(ϕ1), θφ∞
2

(ϕ2)〉H =
L( 1

2 , π)

b2r (0)
· C [F :Q]

r ·
∏

v∈VfinF

Z\
πv ,Vv

(ϕ1v , ϕ2v , φ
∞
1v ⊗ φ∞2v ),

in which 〈 , 〉H denotes the Petersson inner product with respect to the Tamagawa measure on
H(AF ).
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Main results, cont.

Corollary
Let π be as in the Setup with |Sπ | odd. Assume the Modularity Hypothesis. In the context of the
Beilinson–Bloch conjecture, take (V = Vπ and) π̃∞ to be the theta lifting of π∞ to H(A∞F ). If
L′( 1

2 , π) 6= 0, that is, ords= 1
2
L(s, π) = 1, then

HomH(A∞
F )

(
π̃∞, lim−→

L
CHr (XL)0C

)
6= {0}.

In fact, Π(π̃∞) is the unique cuspidal factor of BC(π) such that ords= 1
2
L(s,Π(π̃∞)) = 1.

Corollary
In the situation of the refined Theorem, suppose further that
X Rπ = ∅;
X ϕ1 = ϕ2 = ϕ ∈ π that is holomorphic and new everywhere, satisfying 〈ϕ,ϕ〉π = 1;
X φ∞1 = φ∞2 = φ∞ such that φ∞v = 1

(Λ∅
v )r for every v ∈ VfinF .

Then we have

〈Θφ∞ (ϕ),Θφ∞ (ϕ)〉\X ,E =
L′( 1

2 , π)

b2r (0)
· C [F :Q]

r ·
∏
v∈Sπ

(−1)rqr−1v (qv + 1)

(q2r−1v + 1)(q2rv − 1)
.
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Restricted Beilinson’s height

Remark
Beilinson conjectures that (−1)r 〈Θφ∞ (ϕ),Θφ∞ (ϕ)〉\X ,E ≥ 0, which, in the situation of the
previous Corollary, is equivalent to L′( 1

2 , π) ≥ 0.

Now we review the notion of a restricted but unconditional form of Beilinson’s height pairing.
Let X be a smooth projective scheme over a number field E of pure dimension N ≥ 1. Take a
rational prime ` such that X has smooth reduction at every `-adic place of E . For an integer
d ≥ 1, put

CHd (X)〈`〉 := ker

(
CHd (X)→

∏
u

H2d (X ⊗E Eu ,Q`(d))

)
where the product is taken over all nonarchimedean places of E , which is contained in CHd (X)0.
For every pair (d1, d2) of nonnegative integers such that d1 + d2 = N + 1, there is a hermitian
pairing

〈 , 〉`X ,E : CHd1 (X)
〈`〉
C × CHd2 (X)

〈`〉
C → C⊗Q Q`

which is defined as follows: It suffices to define for two algebraic cycles (with integral coefficients)
(Z1,Z2) such that |Z1| ∩ |Z2| = ∅. Then

〈Z1,Z2〉`X ,E =
∑
u

c(u)〈Z1,Z2〉`Xu ,Eu

where the sum is taken over all places of E .
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d ≥ 1, put

CHd (X)〈`〉 := ker

(
CHd (X)→

∏
u

H2d (X ⊗E Eu ,Q`(d))

)
where the product is taken over all nonarchimedean places of E , which is contained in CHd (X)0.
For every pair (d1, d2) of nonnegative integers such that d1 + d2 = N + 1, there is a hermitian
pairing

〈 , 〉`X ,E : CHd1 (X)
〈`〉
C × CHd2 (X)

〈`〉
C → C⊗Q Q`

which is defined as follows:

It suffices to define for two algebraic cycles (with integral coefficients)
(Z1,Z2) such that |Z1| ∩ |Z2| = ∅. Then

〈Z1,Z2〉`X ,E =
∑
u

c(u)〈Z1,Z2〉`Xu ,Eu

where the sum is taken over all places of E .
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Restricted Beilinson’s height

In the above formula,
X Xu := X ⊗E Eu for every place u of E ;
X c(u) equals 1, 2, and log qu when u is real, complex, and nonarchimedean, respectively;
X when u is archimedean, we have

〈Z1,Z2〉`Xu ,Eu =
1
2

∫
Xu(C)

gZ1 ∧ δZ2 ∈ C

where gZ1 is a harmonic Green current for Z1 and δZ2 denotes the Dirac current of Z2;
X when u is nonarchimedean, we define 〈Z1,Z2〉`Xu ,Eu ∈ Q` as follows:

Let ci ∈ H2di
|Zi |

(Xu ,Q`(di )) be the refined cycle class of Zi .
As ci goes to zero in H2di (Xu ,Q`(di )), there exists γi ∈ H2di−1(Ui ,Q`(di )) that goes to ci
under the coboundary map H2di−1(Ui ,Q`(di ))→ H2di

|Zi |
(Xu ,Q`(di )), where Ui := Xu \ |Zi |.

Then 〈Z1,Z2〉`Xu ,Eu equals the image of γ1 ∪ γ2 under the composite map

H2N(U1 ∩ U2,Q`(N + 1))→ H2N+1(Xu ,Q`(N + 1))
TrXu−−−→ H1(SpecEu ,Q`(1)) = Q`.

Conjecturally, one should have CHd (X)〈`〉 = CHd (X)0, and that 〈 , 〉`X ,E takes values in C and is
independent of `.
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Thank you!
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